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Abstract
We present new boundary conditions under which the fixed point index of a strict-ψ-contractive wedge operator is zero. Then
we investigate eigenvalues and corresponding eigenvectors of k–ψ-contractive wedge operators.
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1. Introduction
Let X be an infinite dimensional real Banach space, W a wedge in X (the space X itself or a wedge missing a ray)
and ψ a measure of noncompactness on X . The main aim of this work is to generalize Guo’s result (see [1,2]) on
the vanishing of the fixed point index from the case of completely continuous operators to that of strict-ψ-contractive
operators under suitable boundary conditions. In Section 3 we show that given a radial set ΣW in W (see Definition 3)
there is a k–ψ-contractive retraction from the closure ΣW of ΣW onto its boundary. We introduce the characteristic
kψ (W,ΣW ) which is the infimum of all k ≥ 1 for which a k–ψ-contractive retraction exists and we find upper
estimates for such characteristic. In Section 4 we give new boundary conditions ensuring that the fixed point index of
a strict-ψ-contractive operator A : ΩW → W , defined on the closure ΩW of a relatively open bounded subset ΩW
of W containing the origin, is zero. One of the boundary conditions depends on kψ (W,ΣW ) (see (i) of Theorem 5),
ΣW being a radial set in W containing ΩW . In particular, the condition requires that there exists δ > 0 such that the
boundary ∂ΩW ofΩW is mapped under A out of the set (k+δ)kψ (W,ΣW )ΣW . Then we extend the Birkhoff–Kellogg
theorem and Guo’s domain compression and expansion theorem.
Though Guo’s result has been generalized along various lines (see [3,9,5,6]), condition (i) in Theorem 5 seems to
us to be a new one. Unlike other boundary conditions, ours does not require that ∂ΩW is mapped under A out of the
set {x ∈ W : ‖x‖ ≤ r} where r depends on, among other constants, supx∈∂ΩW ‖x‖. Our condition requires that the
boundary of ΩW is mapped under A out of a set that, we can say, saves the shape of the radial set ΣW .
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2. Notation and definitions
Let X be an infinite dimensional real Banach space. A map ψ defined on the family of all bounded subsets of X is
called a measure of noncompactness on X if it satisfies the following properties:
1. ψ(M) = 0 if and only if M is precompact.
2. ψ(coM) = ψ(M) where co(M) is the closed convex hull of M .
3. ψ(M ∪ N ) = max{ψ(M), ψ(N )}.
4. ψ(M + N ) ≤ ψ(M)+ ψ(N ).
5. ψ(λM) = |λ|ψ(M), for all λ ∈ R.
Throughout we denote by ψ the Kuratowski, the Hausdorff or the lattice measure of noncompactness. A continuous
map A : dom(A) ⊂ X → X is called k–ψ-contractive if there is k ≥ 0 such that ψ(AQ) ≤ kψ(Q) for each bounded
Q ⊂ dom(A); strict-ψ-contractive if A is k–ψ-contractive for some k < 1; ψ-condensing if ψ(AQ) < ψ(Q) for
each bounded Q ⊂ dom(A) which is not relatively compact. Clearly every strict-ψ-contractive map is ψ-condensing.
Set ψ(A) = inf{k ≥ 0 : ψ(AQ) ≤ kψ(M) for every bounded Q ⊂ dom(A)} (for details we refer the reader to [7]).
We recall that a closed convex set W in X is called a wedge if x ∈ W implies λx ∈ W for λ ≥ 0. In particular, a
wedge W is a cone if W ∩ −W = {0}. A wedge W is said to be a wedge missing a ray if there exists x0 ∈ W such
that −x0 6∈ W . Since a wedge W is a subspace if and only if W = −W , we have that a wedge W is either a subspace
or a wedge missing a ray. In the following we will need the following property of wedges missing a ray proved in [8].
Lemma 1. Let W be a wedge missing a ray. Then for every y ∈ W \ −W there exists µ(y) > 0 such that
‖x + y‖ ≥ µ(y)‖x‖ for all x ∈ W. (1)
Property (1) says that every wedge missing a ray is quasinormal. The notion of quasinormality was introduced in [4]
by Petryshyn for cones. Then in [10] it was shown that every cone in a Banach space is quasinormal and Lemma 1
generalizes such a result to wedges missing a ray. Thus the problem is that of estimating the quasinormality constant
σ(W ) = sup{σ(y) : y ∈ W \ {0}} of W , where σ(y) = inf{ ‖x+y‖‖x‖ : x ∈ W \ {0}}. If W is any cone in a Hilbert space
the quasinormality constant σ(W ) = 1 ([10]). The result σ(W ) ∈ [1/2, 1], proved in [11] for cones, was proved in [8]
to hold for wedges missing a ray. Moreover, also from [11], the lower bound 1/2 is the best possible.
Throughout we assume that W is the space X itself or any wedge missing a ray. Let Ω be a bounded open set in
X with 0 ∈ Ω . We denote by ΩW and ∂ΩW , respectively, the closure and the boundary of ΩW = Ω ∩ W in W . For
r > 0, we set Br (W ) = {x ∈ W : ‖x‖ ≤ r} and Sr (W ) = {x ∈ W : ‖x‖ = r}.
When A : ΩW → W is a ψ-condensing map and has no fixed points on ∂ΩW then the integer indW (A,ΩW ), called
the relative fixed point index (for short, fixed point index) of A on ΩW , is as defined in [12]. The fixed point index has
the basic properties for which we refer the reader to [12]. 
3. Retractions on radial sets
We define kψ (W ) = inf{k ≥ 1 : R : B1(W ) → S1(W ) is a retraction with ψ(R) = k}. We observe that given a
retraction R from B1(W ) onto S1(W ), then for any r > 0 the map R¯(x) = r R(x/r) is a retraction from Br (W ) onto
Sr (W ) which clearly satisfies ψ(R¯) = ψ(R). From [13] it is known that kψ (X) ∈ [1, 6]. On the other hand if W is
a special wedge (i.e., a wedge W for which there exists y0 ∈ W \ {0} such that ‖x + y0‖ ≥ ‖x‖ for all x ∈ W ) and
ψ is the Kuratowski measure of noncompactness, it was proved in [14, Theorem 1.5.1] that for all ε > 0 there is a
retraction R : B1(W )→ S1(W ) such that ψ(R) ≤ 1+ ε. In view of Lemma 1, this latter result generalizes to wedges
missing a ray. The proof is analogous to that provided in [14], and hence omitted.
Lemma 2. Let W be a wedge missing a ray. Then for all ε > 0 there is a retraction R : B1(W )→ S1(W ) such that
ψ(R) ≤ (1/σ(W ))(1+ ε).
Thus, if W is a wedge missing a ray, from Lemma 2 and the known estimate of σ(W ) it clearly follows that
kψ (W ) ∈ [1, 2].
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Definition 3. Let Σ be a bounded open set in X with 0 ∈ Σ . The set ΣW is called radial in W if for each x ∈ S1(W )
there is a unique tx > 0 such that tx x ∈ ∂ΣW .
Given a radial set ΣW in W , there exists a retraction, in particular a ψ-contractive one, of ΣW onto ∂ΣW . To see this
set r1 = infx∈∂ΣW ‖x‖ and let R be a retraction of Br1(W ) onto Sr1(W ). Then it is easy to verify that
R1x =

t x‖x‖
x
‖x‖ , if x ∈ ΣW \ Br1(W )
t Rx
r1
Rx
r1
, if x ∈ Br1(W ),
(2)
is a retraction from ΣW onto ∂ΣW . We define kψ (W,ΣW ) = inf{k ≥ 1 : R : ΣW → ∂ΣW is a retraction with
ψ(R) = k}. The following proposition gives an upper estimate of the characteristic kψ (W,ΣW ).
Proposition 4. Let W be a wedge in X and ΣW be a radial set in W. Then, kψ (W,ΣW ) ≤ (r2/r1)kψ (W ), where
r1 = infx∈∂ΣW ‖x‖ and r2 = supx∈∂ΣW ‖x‖.
Proof. Let k > kψ (W ) and R be a k–ψ-contractive retraction of Br1(W ) onto Sr1(W ). To prove the assertion we
show that the retraction R1 defined in (2) is (r2/r1)k-ψ-contractive. Let A ⊂ ΣW and set A1 = A ∩ Br1(W ) and
A2 = A ∩ (ΣW \ Br1(W )). Then R1A1 = {t Rxr1 (Rx/r1) : x ∈ A1}. Since t Rxr1 (Rx/r1) ∈ co{{0} ∪ (r2/r1)Rx} for each
x ∈ A1 it follows that R1A1 ⊂ co{{0} ∪ (r2/r1)RA1}. Therefore
ψ(R1A1) ≤ r2r1ψ(R)ψ(A1). (3)
On the other hand R1A2 = {t x‖x‖ (x/‖x‖) : x ∈ A2}. Let PBr1 (W ) : W → Br1(W ) be the map defined by
PBr1 (W ) x =
{
x, if x ∈ Br1(W )
r1
x
‖x‖ , if x 6∈ Br1(W ).
Then it can be verified that PBr1 (W ) is a 1–ψ-contractive map. Now, as r2(x/‖x‖) = (r2/r1)PBr1 (W )x , we have
t x‖x‖ (x/‖x‖) ∈ co{{0}∪ (r2/r1)PBr1 (W )x} for each x ∈ A2 and hence R1A2 ⊂ co{{0}∪ (r2/r1)PBr1 (W )A2}. Therefore
ψ(R1A2) ≤ r2r1ψ(PBr1 )ψ(A2). (4)
Since ψ(R1A) ≤ max{ψ(R1A1), ψ(R1A2)} and ψ(PBr1 (W )) = 1, from (3) and (4) we obtain ψ(R1) ≤
(r2/r1)ψ(R). 
4. k–ψ-contractive wedge operators
The following is the result on the vanishing of the fixed point index of strict-ψ-contractive wedge operators.
Theorem 5. Let W be a wedge in X, let Ω be a bounded open set in X with 0 ∈ Ω and let A : ΩW → W be a
strict-ψ-contractive operator. Let ΣW be a radial set in W containing ΩW . Suppose that
(i) there is δ > 0 such that ‖Ax‖ > (k + δ)kψ (W,ΣW )t Ax‖Ax‖ for x ∈ ∂ΩW ;
(ii) Ax 6= λx for x ∈ ∂ΩW and kkψ (W,ΣW ) < λ ≤ 1.
Then indW (A,ΩW ) = 0.
Proof. We observe that if kkψ (W,ΣW ) ≥ 1, then condition (ii) is not to be read. Define A1 : ΩW → W by setting
A1x = 1
(k + δ)kψ (W,ΣW )
Ax .
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Then ψ(A1) < 1. Moreover, we observe t Ax‖Ax‖
= t A1x‖A1x‖ . Set H(s, x) = s Ax + (1− s)A1x for (s, x) ∈ [0, 1] × ΩW .
We claim that
Ax 6=
(
s + 1− s
(k + δ)kψ (W,ΣW )
)−1
x (5)
for x ∈ ∂ΩW . If kkψ (W,ΣW ) < 1, we may assume that (k + δ)kψ (W,ΣW ) < 1; then(
s + 1− s
(k + δ)kψ (W,ΣW )
)−1
∈ (kkψ (W,ΣW ), 1]
and hence by (ii) we get (5). On the other hand if kkψ (W,ΣW ) ≥ 1 we have(
s + 1− s
(k + δ)kψ (W,ΣW )
)−1
≤ (k + δ)kψ (W,ΣW ),
and the claim follows by (i). From (5) it follows that H(s, x) 6= x for s ∈ [0, 1] and x ∈ ∂ΩW . Hence, by the
homotopy invariance of the index,
indW (A,ΩW ) = indW (A1,ΩW ). (6)
Now since ψ(A1)kψ (W,ΣW ) < 1 we can choose a retraction R : ΣW → ∂ΣW such that ψ(A1)ψ(R) < 1. Define a
map L : W → W by
Lx =
{
Rx, if x ∈ ΣW
x, if x ∈ W \ ΣW .
Clearly L is continuous and moreover ψ(L) = ψ(R). Next define G : ΩW → W by Gx = L(A1x); then we have
ψ(G) = ψ(L)ψ(A1) < 1.
On the one hand, by the definition of G we see that Gx ∈ W \ ΣW for all x ∈ ΩW , and hence Gx 6= x for all
x ∈ ΩW . From this latter fact and the solution property of the index, indW (G,ΩW ) = 0. On the other hand, by (i) we
find
‖A1x‖ = 1
(k + δ)kψ (W,ΣW )
‖Ax‖ > t Ax
‖Ax‖
= t A1x‖A1x‖
for every x ∈ ∂ΩW , so that A1x ∈ W \ ΣW for all x ∈ ∂ΩW . This implies Gx = A1x on ∂ΩW . Therefore, by
the independence, of the index, of the behavior inside the domain, we find indW (A,ΩW ) = indW (G,ΩW ), which
completes the proof. 
We observe that Theorem 5 yields [3, Theorem 3.2] (see also Remark 3.4) when we choose ΣW = Br (W ) with
r = supx∈∂ΩW ‖x‖. Moreover, in the case in which ΩW is a radial set it is proved in [15] that Theorem 5 holds true
under boundary conditions which do not depend on the characteristic kψ (W,ΩW ) and which are the weakest possible.
Next, Theorem 5 can be extended to ψ-condensing operators. The result can be proved as in [15, Theorem 3.3].
Theorem 6. Let W be a wedge in X, let Ω be a bounded open set in X with 0 ∈ Ω and let A : ΩW → W be a
ψ-condensing operator. Let ΣW be a radial set in W containing ΩW . Assume that there exists δ > 0 such that
‖Ax‖ > (1+ δ)kψ (W,ΣW )t Ax‖Ax‖ for x ∈ ∂ΩW . (7)
Then indW (A,ΩW ) = 0.
The following corollary, which extends the well-known Birkhoff–Kellogg theorem, is on the existence of eigenvectors
of k–ψ-contractive operators.
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Corollary 7. Let W be a wedge in X, let Ω be a bounded open set in X with 0 ∈ Ω and let A : ΩW → W be a
k–ψ-contractive operator (for any k ≥ 0). Let ΣW be a radial set in W containing ΩW . Suppose that there exists
δ > 0 such that
‖Ax‖ > (k + δ)kψ (W,ΣW )t Ax‖Ax‖
for every x ∈ ∂ΩW . Then, there exist λ > kkψ (W,ΣW ) and xλ ∈ ∂ΩW such that λxλ = Axλ.
Proof. We assume by contradiction that λx 6= Ax for x ∈ ∂ΩW and λ > kkψ (W,ΣW ). The map A1 =
1/((k + δ/2)kψ (W,ΣW ))A is a k1–ψ-contraction with k1 = k/((k + δ/2)kψ (W,ΣW )) < 1 and for all x ∈ ∂ΩW we
have
‖A1x‖ > (k1 + δ1)kψ (W,ΣW )t A1x‖A1x‖
where δ1 = δ/((k + δ/2)kψ (W,ΣW )) > 0. Moreover, from our initial assumption it easily follows that A1x 6= µx
for x ∈ ∂ΩW and µ > k1kψ (W,ΣW ). Thus by Theorem 5 we infer ind(A1,Ω) = 0.
Now set H(s, x) = (1− s)A1x for (s, x) ∈ [0, 1] × ΩW . We claim that H(s, x) 6= x for s ∈ [0, 1] and x ∈ ∂ΩW .
Clearly H(1, x) 6= x for x ∈ ∂ΩW . Moreover, ((k + δ/2)kψ (W,ΣW ))/(1 − s) > kkψ (W,ΣW ) for s ∈ [0, 1), and
thus H(s, x) 6= x for s ∈ [0, 1) and x ∈ ∂ΩW . Since indW (H(1, ·),ΩW ) = 1, by the homotopy invariance of the
index we get indW (A1,ΩW ) = 1, which is a contradiction. 
We observe that in the case in which W is the Banach space X , there exist also µ < −kkψ (X,ΣW ) and xµ ∈ ∂ΩW
such that µxµ = Axµ. The assertion follows by considering −A in place of A in the proof of the Theorem.
Remark 8. The generalization of Guo’s domain compression and expansion theorem (see [16]) can be reformulated
similarly to [3, Corollary 3.6] taking into account the conclusion obtained in Theorem 5.
References
[1] D.J. Guo, Eigenvalues and eigenvectors of nonlinear operators, Chinese Ann. Math. 2 (1981) 65–80.
[2] D.J. Guo, Some fixed point theorems on cone maps, Kexue Tongbao 29 (1984) 575–578.
[3] D. Caponetti, A. Trombetta, G. Trombetta, An extension of Guo’s theorem via k–ψ-contractive retractions, Nonlinear Anal. 64 (9) (2006)
1897–1907.
[4] W.V. Petryshyn, Existence of fixed points of positive k-set-contractive maps as consequences of suitable boundary conditions, J. London
Math. Soc. (2) 38 (1988) 503–512.
[5] Sun Jing Xian, A generalization of Guo’s theorem and applications, J. Math. Anal. Appl. 126 (2) (1987) 566–573.
[6] Sun Yong, An extension of Guo’s Theorem on domain compression and expansion, Numer. Funct. Anal. Optimiz. 10 (5–6) (1989) 607–617.
[7] R.R. Akhmerov, M.I. Kamenskii, A.S. Potapov, A.E. Rodkina, B.N. Sadovskii, Measures of Noncompactness and Condensing Operators,
Birkha¨user Verlag, Basel, 1992.
[8] K.Q. Lan, Theories of fixed points index and applications, Ph.D. Thesis, University of Glasgow, 1998.
[9] W.V. Petryshyn, On the solvability of x ∈ T x+λFx in quasinormal cones with T and Fk-set-contractive, Nonlinear Anal. 5 (1981) 585–591.
[10] E. Lami-Dozo, Quasinormality in cones in Hilbert spaces, Acad. Roy. Belg. Bull. Cl. Sci. (5) 67 (1981) 536–541.
[11] E.N. Dancer, R.D. Nussbaum, C.A. Stuart, Quasinormal cones in Banach spaces, Nonlinear Anal. 7 (1983) 539–553.
[12] R.R. Akhmerov, M.I. Kamenskii, A.S. Potapov, B.N. Sadovskii, Condensing operators, J. Sov. Math. (1982) 551–578. Translated from Math.
Anal. 18 (1980) 185–250 (in Russian).
[13] M. Va¨th, On the minimal displacement problem of γ -Lipschitz maps and γ -Lipschitz retractions onto the sphere, Z. Anal. Anwendungen 21
(4) (2002) 901–914.
[14] G. Fournier, H.-O. Peitgen, Leray endomorphisms and cone maps, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 5 (1) (1978) 149–179.
[15] D. Caponetti, A. Trombetta, G. Trombetta, On boundary conditions for wedge operators on radial sets, (submitted for publication).
[16] D.J. Guo, A new fixed point theorem, Acta Math. Sinica 24 (1981) 444–450.
